We present new radial velocities from Keck Observatory and both Newtonian and Keplerian solutions for the triple-planet system orbiting HD 37124. The orbital solution for the system has improved dramatically since the third planet was first reported in Vogt et al. (2005) with an ambiguous orbital period. We have resolved this ambiguity, and show that the outer two planets have an apparent period commensurability of 2:1. A dynamical analysis finds both resonant and non-resonant configurations consistent with the radial velocity data, and constrains the mutual inclinations of the planets to be <∼ 30
1. INTRODUCTION To date, over 50 exoplanetary systems with more than one planet have been discovered, including: the extraordinary detections of the first exoplanets orbiting the pulsar PSR B1257+12 (Wolszczan & Frail 1992; Wolszczan 1994) ; the imaged system orbiting HR 8799; those discovered during the microlensing event OGLE-2006-BLG-109L (Gaudi et al. 2008) ; several systems discovered by transit, including four or five 10 multiply transiting systems from the Kepler mission (Steffen 2010) ; and 43 systems discovered by radial velocity (RV) searches ). The RV systems include the four-planet systems µ Ara Pepe et al. 2007 ), GJ 581 ) and GJ 876 (Rivera et al. 2005 (Rivera et al. , 2010 and the five-planet system orbiting 55 Cancri (Fischer et al. 2008) . Of all these multplanet systems, only four are known to host three or more giant 11 plan-ets with well-determined orbital paramaters: υ And (Butler et al. 1999) , HIP 14810 (Wright et al. 2009a ), µ Ara (Pepe et al. 2007 ) and HD 37124 . HD 37124 (HIP 26381) is a 0.85 M ⊙ metalpoor ([Fe/H]=-0.44, Valenti & Fischer 2005 ) G4 dwarf (V=7.7). Vogt et al. (2000) announced the a Jovian, P ∼ 150 d planet orbiting HD 37124 from HIRES data taken at Keck Observatory as part of the California and Carnegie Planet Search. Further monitoring of the star revealed substantial long-term residuals. Butler et al. (2003) fit these residuals with an eccentric, 1940 d planet, but noted that the solution was not unique (and Goździewski (2003) showed that this fit was, in fact, unstable.)
After collecting two more years of data, Vogt et al. (2005) was able to report the detection of a third planet in the system, though with an ambiguity: while the b and c components had clearly defined periods, the d component could be fit nearly equally well with periods of either 2300 d or 29.32 d, the latter likely being an alias due to the lunar cycle.
12 reported that recent Keck velocities had resolved the ambiguity qualitatively in favor of the longer orbital period. Goździewski, Konacki, & Maciejewski (2006) explored the many possible dynamical configurations consistent with the Vogt et al. (2005) velocities, including many resonant solutions. Goździewski, Breiter, & Borczyk (2008) used the system to demonstrate a fast MENGO algorithm, but they did not explore the 2:1 resonance, as the data did not seem to favor it at the time.
We present new Keck observations, and these data provide a unique orbital solution for the outer planet. The 12 Time on the Keck telescopes dedicated to observing bright, planet search targets with HIRES is usually assigned during bright or gray time; the resulting scarcity of data points during new moon can interact with planetary signals to create spurious, aliased solutions.
outer planet period we find is more consistent with the original period reported by Butler et al. (2003) than the refined orbit of Vogt et al. (2005) 13 (though we find a much lower eccentricity). Herein, we present the entire history of Keck velocities obtained for this star, and present self-consistent orbital solutions showing that the outer two planets are in or very near a 2:1 mean-motion resonance (MMR). This is the 20th exoplanetary system to be found near an MMR, and only the tenth system with an apparent 2:1 commensurability.
Period commensurabilities (PCs) represent important dynamical indicators in the Solar System and have been linked with observables and formation mechanisms (Goldreich 1965) .
The near-5:2 PC of Jupiter and Saturn, also known as "The Great Inequality", might be the remnant of a divergent resonant crossing that produced the current architecture of the outer Solar System, the • behind its predicted orbital longitude in a 1995 ring plane crossing (French et al. 2003) due to its 121:118 PC with neighboring satellite Prometheus.
By extension, we may anticipate similar importance in the growing number of exoplanetary systems exhibiting PCs. In extrasolar systems, Mean Motion Resonances (MMRs) have been interpreted as the indication of convergent migration in multi-planet systems, (e.g. Thommes & Lissauer 2003; Kley, Peitz, & Bryden 2004; Papaloizou & Szuszkiewicz 2005) . Several subsequent studies (Beaugé, Michtchenko, & Ferraz-Mello 2006; Terquem & Papaloizou 2007; Pierens & Nelson 2008; Podlewska & Szuszkiewicz 2008 Libert & Tsiganis 2009; Rein & Papaloizou 2009; Papaloizou & Terquem 2010; Rein, Papaloizou, & Kley 2010; Zhang & Zhou 2010a,b) exploring convergent migration for a variety of masses, separations and disk properties have found many regions of mass and orbital element phase space in which planets are easily captured through this mechanism. Table 1 contains radial velocity measurements for HD 37124 from the HIRES spectrograph (Vogt et al. 1994) at Keck Observatory obtained by the California Planet Survey consortium using the iodine technique (Butler et al. 1996) . Note that the quoted errors are our internal (ran- 13 Vogt et al. (2005) opted to refer to the new, 840 d signal as the c component, despite the prior 1940 d fit of Butler et al. (2003) , because that prior fit was so speculative, and because their new fit put the very existence of a 1940 d periodicity in some doubt. dom) errors, with no "jitter" included (Wright 2005) .
VELOCITIES AND ORBITAL SOLUTION
These velocities supersede our previously published velocities for this star, as we continue to refine our data reduction pipeline. Our ever-evolving radial velocity pipeline is descended in spirit and form from that described in Butler et al. (1996) , but includes many small and large technical improvements, a thorough discussion of which is beyond the scope of this manuscript. Some details can be found in § 4.1 of Howard et al. (2010) , § 3 of in Batalha et al. 2011 (ApJ, accepted) .
On issue of instant relevance is that in August 2004 the HIRES CCD detector was upgraded to a CCD mosaic. The old Tektronix 2048 EB2 engineering-grade CCD displayed a variable instrumental profile asymmetry due to a charge transfer inefficiency which manifested itself as small changes in a star's measured radial velocity as a function of exposure time (i.e. raw counts on the chip.) We apply an emperical, spectral-type dependent model to correct this effect for velocities measured prior to the detector change. The new CCD mosaic shows no evidence of this effect, but as a consequence of the switch there is a small velocity offset between data sets that span the two detector sets similar to the detector-to-detector offsets discussed in Gregory & Fischer (2010) . These offsets could, in principle, be different for every target.
Analysis of RV standards and known planetary systems show that such an offset is usually small -of order 5 m/s -and very often consistent with zero. As a result, we report two independent data sets for this system in Table 1 , one from each of the two detectors. We solve for the detector offset as an unconstrained free parameter. The times of observation are given in JD-2440000.
We fitted the data using the publicly available multiplanet RV-fitting IDL package RV FIT MP, described in . In Table 2 we present our 3-planet Keplerian (kinematic) fit, 14 which yields r.m.s. residuals of 4.4 ms −1 , and we plot the fit and velocities in Figure 1 . We find a best-fit offset between CCDs of 4.8 ms −1 . The orbital parameters and their uncertainties were determined from 100 bootstrapped trials (as described in Marcy et al. 2005; Butler et al. 2006; Wright et al. 2007 ). The orbital fits and dynamical analysis herein are put forth under the assumption that the velocities are not detectably influenced by additional, unmodeled planets in the system. We have integrated these orbital parameters for 10 Myr using the methods described in §3 assuming coplanarity, and found them to yield a stable configuration.
The residuals to this fit have an RMS 4.03 m/s and show with no significant periodogram peak at any period. The tallest peak is at 3.81 days. We have run a Monte Carlo FAP analysis on these residuals of our best fit for this tallest peak, and find similarly good fits in 50% of velocity-scrambled trials, consistent with noise. We thus conclude that our model is sufficient to explain the data and that there are no other statistically significant planetary signals detected. a Orbit is consistent with circular, so errors in ω are large; see (see Butler et al. 2006 , for a fuller explanation.)
3.1. MCMC analyses We studied the dynamical stability of HD 37124 by combining the radial velocity data with Markov Chain Monte Carlo (MCMC) analyses to obtain ensembles of masses, semimajor axes, eccentricities, and orbital angles consistent with the RV data. These ensembles were generated without regard to dynamical stability considerations. We then imposed line-of-sight and relative inclination distributions on these sets of parameters. By incorporating the unknown inclination parameters with observation-derived parameters, we sampled the entire phase space of orbital parameters. We subsequently ran N-body simulations on each element in these ensembles in order to assess each system's stability and resonant evolution. Our treatment follows that of Ford (2005 Ford ( , 2006 ; Veras & Ford (2009 , 2010 .
In particular, we calculated 5 Markov chains, each containing over 10 6 states. Each state includes the orbital period (P ), velocity amplitude (K), eccentricity (e), argument of pericenter measured from the plane of the sky (ω), and mean anomaly at a given epoch (u) for planets b, c and d. The MCMC uses a standard Gaussian random walk proposal distribution and the Metropolis-Hastings algorithm for accepting or rejecting each proposal for all model parameters except cos(i LOS ) and Ω. Since the radial velocity signature is only weakly dependant on these values, cos(i LOS ) and Ω were drawn randomly for each state. This can still be considered a Markov chain, as the procedure satisfies the Markov condition, i.e. that a trial state not depend on states other than the current state, as well as the other conditions (time-homogeneous, irreducible, aperiodic) to prove that the Markov chain will (eventually) converge to the posterior distribution.
We imposed an isotropic distribution of line-of-sight inclinations (i LOS ) and a uniform sample of longitude of ascending nodes (Ω) on our MCMC-derived initial conditions. The planet masses, m, and semimajor axes, a, were obtained from each set of (P, K, e, ω, i, Ω, u) values from relations derived with a Jacobi coordinate system (Lee & Peale 2003) We treated the both the offset between the chips and the jitter as free parameters. 15 The 5 th percentile, median, and 95 th percentile offsets between the chips in our ensemble were 3.16, 3.78, 4.62, and the median jitter we find to be 4 m/s.
Coplanar, Prograde Systems
We integrated 850 sets of initial conditions in the coplanar case with all three planets in prograde orbits by using the Burlish-Stoer integrator of Mercury (Chambers 1999) for 10 7 yr with an output interval of 10 4 yr. We also incorporated the effects of general relativity in the code, which could have profound consequences for multi-planet system stability (Veras & Ford 2010) , although the effect is likely to be negligible in this system. We classified systems as "unstable" if, for any planet, |a max − a min |/a 0 > τ , where a max , a min and a 0 represent the maximum, minimum and initial values of the semimajor axis, and τ = 0.9.
One may visualize a representative architecture of HD 37124 by comparing the semimajor axis and eccentricity ranges of all three planets. Figure 2 plots the observed eccentricity vs. derived semimajor axis for all planets in the prograde coplanar state. Black dots indicate unstable systems while green squares and red crosses indicate stable systems, and red crosses indicate systems which are in a 2:1 mean motion resonance (MMR) between planets c and d, according to our definition below. The figure indicates i) a closely packed system, with the inner and outer planets separated by no more than six times the innermost planet's semimajor axis. ii) a relatively circular innermost planet (with e b 0.1 in most cases) that is likely too far from the parent star to be classified as a "Hot Jupiter", iii) the greater the number of orbital periods sampled by RV, the greater the constraint on the planet's likely semimajor axes and eccentricities, iv) most (664/850 = 78%) current orbital fits predict an unstable system, v) the majority of initial conditions which produce stable orbits contain an outer planet with a low (< 0.2) eccentricity, and a middle planet with a semimajor axis > 1.695 AU and eccentricity less than about 0.2., vi) systems containing a 2:1 resonance occur only when 2.7 AU a 3 2.8 AU. We emphasize that this approximate semimajor axis range appears to be necessary but not sufficient for resonance to occur. The figure demonstrates that other MCMC fits with outer planet periods in the resonant range are either unstable, or stable but non-resonant. The architecture of these systems (as defined by, e.g., the mean longitude and longitude of pericenter) do not allow them to settle into resonance even though the outer planet period might favor resonance.
Because of finite sampling, our definition of "resonance" in this analysis comes from consideration of the RMS deviation of each resonant angle about each of (0
• ), which includes common libration centers. We flag systems as "resonant" if at least one of these angles has RMS under 90
• for 10 Myr, the en-15 We adopted a single value of jitter for all observations; in principle the two CCDs may display differing amounts of "instrumental jitter", such as that due to insufficient modeling of the charge transfer inefficiencies. The RMS residuals to our fit for the two detectors were 3.67 and 4.11 m/s, suggesting that our assumption of a single jitter value is valid. tire duration of our simulations. Below, we refer to this value as a "libration RMS".
HD 37124 presents a clear initial choice of angles to test for libration. As indicated by Fig. 2 , the semimajor axis ratio of planets c and d is suggestive of a 2:1 MMR. Therefore, we sampled the following angles for libration:
and found that φ 1 librates in 28/850 = 3.3% of cases, while φ 2 librates in 9/850 = 1.1% of cases. Further, the systems for which φ 2 is resonant are a subset of those for which φ 1 is resonant. If we tighten our definition of resonance to include only those systems with RMS resonant angles under 70
• , then no φ 2 arguments are resonant. Under this stricter definition, the φ 1 arguments are only resonant in 14/850 = 1.6% of cases, and if we further tighten the libration criterion to an RMS of or 50
• , then this number decreases to 4/850 = 0.5%. The lowest libration RMS detected is 23.0
• . All RMS's under 75
• were for a libration center of 0
• . Figure 3 illustrates three examples of "resonant" systems from this, each with a different libration RMS.
We additionally sampled all 3 pairs of apsidal angles (the difference between two longitudes of pericenter) in the coplanar prograde state, and found only two instances of libration, both at high (> 70
• ) libration RMS's and around the "asymmetric" centers 90
• and 270
• for the inner and outer planet apsidal angle. Inspection reveals, however, that these instances of libration are more indicative of long period (> 10 Myr) circulation.
Additionally, the semimajor axis ratio of planets b and c could indicate the presence of a 6:1 MMR. Therefore, we sampled all angles of the form 6λ d − λ c − t̟ c − s̟ d , where t + s = 5. None of the coplanar prograde systems exhibited libration of any of the 6:1 angles between planets "b" and "c" over 10 Myr. However, preliminary sampling of these angles over intervals of 2 Myr does occasionally exhibit libration RMS's close to 90
• . Because the period ratios between planets c and d may skirt the 7:3 PC, we also tested the 7λ d − 3λ c − t̟ c − s̟ d angles, where t + s = 4, but found no instances of libration.
Mutually Inclined Systems
Having analyzed the coplanar prograde bin, we can now consider the case where the planets have nonzero mutual inclinations. We used rejection sampling to obtain triplets of i LOS values such that the system is placed into one of 144 bins according to the relative inclination between planets b and c (i rel,b,c ) and planets c and d (i rel,c,d ). In no two bins were the same ensemble of initial conditions used. We binned relative inclinations in intervals of 15
• , and used stratified sampling in order to obtain a uniform number of samples per bin. We initially sampled 100 initial system states per bin. For those bins where we found more than one system to be stable, we added 200 additional ensembles of initial conditions By considering the fraction of stable systems in the non-coplanar cases, we can obtain a broader dynamical portrait of this system. Fig. 4 illustrates the fraction of The three planets are partitioned by panels, each with a different horizontal scale. These ensembles of parameters are derived from RV observations using Markov Chain Monte Carlo (MCMC) techniques, and represent the initial conditions for a subset of our numerical simulations (here, the coplanar prograde simulations). Note that the semimajor axis ratio of the middle and outer planets roughly correspond to a 2:1 period commensurability, and the inner and middle planets to a 6:1 PC. Note the changing scale on the x-axes in the three panels: the innermost planet is very well constrained in a, the outermost planet much less so. The Black dots indicate unstable systems, green squares represent non-resonant stable systems, and red x's are stable resonant systems. Note that system stability is strongly dependent on the eccentricity of the middle and outer planets, and the outer planet of resonant systems tend to harbor the smallest initial semimajor axes of the ensemble of outer planet ICs. stable systems in each bin overall (top panel) and with respect to all systems for which the initial e d < 0.2 (bottom panel). This cutoff was motivated by the rightmost panel in Fig. 2 and could suggest a constraint on the orbital properties of the system in order to ensure that it remains stable. Fig. 4 shows that the system must be roughly coplanar, with relative inclinations less than ∼ 30
• − 45
• , in order to be stable. This constraint allows various pairs of planets to harbor retrograde orbits. We also performed limited resonant testing for systems in these bins. The fraction of total systems which exhibit libration of φ 1 and φ 2 under 90
• for 10 Myr is given by Fig. 5 . 2:1 resonant systems occur, therefore, generally at the few percent level, and most likely when all planets are coplanar with prograde orbits.
4. DISCUSSION As Rivera et al. (2010) showed for the GJ 876 system, even the most well-established and deepest mean-motion resonances can prove illusory if additional planets are found in the system (although in that case it appears that the resonance still present, albiet considerably shal- 
90% -100% 80% -90% 70% -80% 60% -70% 50% -60% 40% -50% 30% -40% 20% -30% 10% -20% 1% -10% 0% Fig. 4. -Two stability portraits of HD 37124. Each bin indicates the fraction of stable systems after 10 Myr for all systems (top pallete) and for systems with an initial e d < 0.2 (bottom pallete). Note that nearly all non-coplanar systems are unstable (indicated by the white spaces), in both various prograde and retrograde cases. These portraits can provide a useful constraint on the viable relative inclinations in HD 37124. Note, however, that the mutual inclination of planets b and d are not represented on this plot and are only weakly constrained by the other two inclination pairs (e.g. if two pairs are mutually inclined by 30 degrees each, then the third pair may be mutually inclined anywhere between 0 and 60 degrees). lower and more complex than previously thought). Even for truly resonant systems, a demonstration of resonance can be difficult. For instance, triple-planet systems may feature two planets with a mostly-librating resonant argument that occasionally circulates due to interactions with the third planet. Near separatrix behavior (as in the case of υ And; Malhotra 2002; Ford, Lystad, & Rasio 2005) can also make libration and circulation essentially indistinguishable.
We note that near-resonant behavior can itself dynamically interesting: the 5:2 near-resonance of Jupiter and Saturn (the Great Inequality) has major consequences for the dynamics of the Solar System. Given the abovementioned difficulties in proving that a resonant argument for a given system of planets satisfies some precisely specified definition of libration given the typical uncertainties in radial velocity measurements, we suggest that studies of resonant interactions would benefit from identifying systems that appear to be in or near resonance (apparent period commensuribilities). With that in mind, we note that in addition to HD 37124, there are 21 other systems in the Exoplanet Orbit Database , PASP submitted) of peer-reviewed 16 literature with well-established apparent PCs, which we present in Table 3 . This list includes all pairs of planets for which the period ratio r is less than 6 and within 0.05 of an integer or half integer (neglecting uncertainties in periods), and other exoplanetary pairs whose likely MMRs are discussed in the literature.
The fraction of known multiplanet systems exhibiting at least one apparent PC is high. Of the 43 well determined multiplanet systems discovered by radial velocities around normal stars, 15 appear in Table 3 , or 35%, including 9 of the 30 apparent double-planet systems 30%.
17 To determine if this is more than would be expected simply by chance, we have performed two tests.
In the first test, we randomly drew pairs of periods from the 340 RV-discovered planets in the Exoplanet Orbit Database (EOD) (Wright et al. 2010, PASP submitted) , and rejected those pairs with period ratios r < 1.3 (corresponding to the smallest r among real multiplanet systems). We counted the fraction of remaining systems with r within 0.05 of an integer or half integer ≤ 5 (corresponding to the largest apparent PC in Table 3 ). We found that only 4% of our random pairs satisfy our apparent PC criterion, far smaller than the 30% of doubleplanet systems actually found in apparent PCs.
In the second test, we included the effects of triple and higher-multiple systems by randomly assigning periods from the EOD to all planets in real multiple systems 16 We have included the Kepler multiplanet systems, which had not yet been accepted for publication at the time of this writing. 17 We have excluded in this statistic the Kepler systems, the pulsar system, the microlensing system, planets from direct imaging, and the Solar System. We acknowledge that a more rigorous statistic would be valuable, but note that it would need to address some strong detectability and selection effects regarding planets in multiple planet systems, and to assess these detection thresholds across multiple, heterogeneous surveys. To give just one example, we note that in addition to a radial velocity survey's decreasing sensitivity to planets in longer periods, it can be difficult to detect an interior planet in a 2:1 resonance due to approximate degeneracy with eccentricity in a single planet model (e.g., Anglada-Escudé, López-Morales, & Chambers 2010; . Such an analysis is beyond the scope of this manuscript.
(again subject to the constraint that no pair of planets in the system have r < 1.3). We found 16% of these artificial systems passed our apparent PC criterion, reflecting the higher number of planet pairs available to test per star compared to our first test. Despite this inflation, the actual value of 33% among all multiplanet systems is still significantly higher.
18 These results underscore that the orbital periods of the population of planets known to be in multiplanet systems is inconsistent with the apparently-singleton sample (Wright et al. 2009b) .
This apparently high percentage of known multiplanet systems with an apparent PC might favor particular formation mechanisms. Planet-planet scattering, planetesimal disk migration, and gas disk migration have all been shown to produce systems with at least one pair of planets that not only are commensurate in period, but also resonant. Raymond et al. (2008) found that planet-planet scattering produced MMRs in roughly 5% of the systems that they simulated, and Raymond, Armitage, & Gorelick (2010) discovered that between 50% -80% of systems undergoing planetesimal disk migration yielded resonant capture. Convergent gas disk migration, the thrust of the numerous papers cited in §1 can occur with near 100% efficiency for certain initial planetary and disk parameters. As observed by Thommes & Lissauer (2003) and Libert & Tsiganis (2009) , the inclination may be excited as well as the eccentricity in many resonant cases. If a resonance exists in HD 37124, it could have been produced by any of these methods. If the RMS libration of such a resonance is representative of the bottom panel of Fig. 3 and has a value that approaches 90 degrees, then planet-planet scattering is a likely origin of this resonance. Alternatively, disk or gas migration would likely produce a system that is "deeper" in resonance, with a smaller variation in resonant angle, similar to the top panel of Fig. 3 . Resonant librating angles need not involve the eccentricities and pericenters, but instead the inclinations and longitudes of ascending nodes, similar to the 4:2 Mimas-Tethys resonance in the Saturnian system (Champenois & Vienne 1999b,a) .
CONCLUSIONS
We have resolved the period ambiguity of HD 37124 d from Vogt et al. (2005) and find that HD 37124 c and d are in an apparent 2:1 period commensurability. Our numerical integrations show that both resonant and nonresonant configurations are consistent with the radial velocity data, and that stability requires a nearly circular orbit (e < 0.3) for the d component. Our stability analysis shows that the system must be nearly coplanar, and that the three planets have identical minimum masses within the errors (of 3-10%).
We show that the roughly one in three wellcharacterized multiplanet systems shows an apparent period commensurability, which is more than a naïve estimate based on randomly drawing periods from the known exoplanet population would suggest. This offers evidence 
